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The problem of controlling the transverse motions of a rectangular homogeneous membrane is considered. It is assumed that
the force-type controls are solely distributed along its boundary. The known initial and required final distributions of the
displacements and velocities of points of the membrane are assumed to be arbitrary, sufficiently smooth functions of the Eulerian
coordinates. An initial-boundary-value problem is solved and a problem of moments is formulated. An effective approximate
solution is proposed for the mean square integral performance functional. A small numerical parameter, which characterizes
the ratio of the greatest period of the free vibrations (of the lowest mode) to the duration of the control process, is taken as a
measure of closeness. Laws governing the regulation of the boundary force responses are efficiently constructed and error estimates
are obtained. Several practical cases of initial and final conditions, which are frequently encountered in applied problems, are
considered.

1. FORMULATION OF THE PROBLEM

The controlled transverse motions of a membrane are considered. Control is exercised by means of
forces distributed along its boundary. To be specific, it is assumed that the membrane is homogeneous
and rectangular in the plan view (Fig. 1). We shall describe displacements which are orthogonal to the
undeformed state by the function z = z(t,x,y), where ¢ = 0 is the time and x, y are the Cartesian (Eulerian)
coordinates of the points of the membrane which belong to the rectangle I'T with a boundary I'. The
equations of motion of the membrane and the boundary conditions are taken in the following standard
form [1, 2]

pi=o(2s +25) (xy)eMT (L.1)
M={x,y: 0sx=<a, 0sysb), p,c=const>0
F0z)),00.= F*U(t,y), 0S y<bh, 0<t<oo

¥62)lye0,,=P*P(t,x), 0<x<a (1.2)

Differentiation with respect to time is indicated by a dot, while differentiation with respect to the x,
y-coordinates is indicated using primes with subscripts. The constants p and ¢ have the meaning of the
surface density of material and the tension in the membrane, respectively [1].

The equation of state of the membrane (1.1) describes its transverse motions (in particular, vibrations)
in the domain I1 when there are no external forces distributed over its surface. It is assumed that the
forces F%* = FO°(t,y), P%® = P%%(t, x) are distributed solely along the piecewise-smooth boundary I
of the rectangular domain IT which is expressed by the boundary relations (1.2), see Fig. 1. The functions
F%2 P*® are unknown and depend on the options proceeding from the aims of the control.

In order to describe the motion of system (1.1), (1.2) and to determine the control functions F% %(r,
y) and P*? (1, x), which are sufficiently smooth with respect to ¢, y and ¢, x, respectively, it is necessary
to specify the initial distributions of the displacements z and of the velocities z of the points of the
membrane (as the result of measurements, for example)

2(0,x,y)=u’(x,y), 2(0,x,y)=0"(x,y), (x.y)ell (13)

0

The functions #°, v" in (1.3) must also be sufficiently smooth. The smoothness properties are discussed
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more specifically below when constructing the required solution of the control problem and are governed
by the conditions for the correspondin Fourier series to converge (see Section 3). For the present, we
shall assume that the functions Pg b and u® v° are such that a strong (physical) solution z(t, x, y)
of the initial-boundary-value problem (1 1)—(1 3) exists. It is also assumed that the solution converges
with respect to an energy norm (the norm W3), that is, that the series for z converges uniformly and
that the series for z, z7, z}, converge with respect to the norm L, [1-4].

We will now formulate the purpose of the membrane motion control and the constraints. We will
state the problem of controlling the membrane motions by choosing boundary forces F* °(t, y),
P%(t,x) from a permissible class of smoothness. It is required that system (1.1)~(1.3) should be brought
to a specified state after a finite time

2t 5 =u (x,y), 2, 5,9) =07 (6,y), (Ly)ell, ;<o (1.4)

Here, «/, v/ are sufficiently smooth, known functions of x and y. The instant of time trin (1.4) when
the control process terminates is assumed to be fixed; its value is chosen from certain additional
considerations associated with the possibilities of the control system and other factors.

Constraints are usually imposed on the control functions F ¢, P%® These may be, for example, of
the geometric type (with respect to a value), with respect to an integral norm (the I-problem of moments
[5]) and so on. These constraints may also take the form of integral control performance functionals
such as root mean square functionals [5-8], for example. To be specific, we shall take the simplest form
of such a constraint [6]

ry h a
I\F,P]=1 _[dt[c,l,-j' FX(1,y)dy +c3| P21, x)dx] - min
25 0 o F.P

F=(F" F, P=(P°, P, ¢}, =const>0 (1.5)

Here, F and P are two-dimensional arithmetic vector-functions and c%, c3 are weighting factors.
Nob additional constraints, apart from smoothness conditions, are imposed on the controls

The greatly simplified formulation of the problem of controlling the motions of a membrane and
their optimization, which has been proposed in the form of (1.1)—(1.5), is of particular theoretical interest
and may turn out to be useful in applications, such as in the control of large-scale space structures. The
solution of the problem of controllability [5-9] and the construction of the control laws are of
considerable importance.

We shall now briefly comment on the boundary (boundary value) conditions (1.2), the initial conditions
(1.3) and the final conditions (1.4) as well as on the functional (1.5). According to (1.2), the forces F
and P can lead to accelerated translational and rotational motions of the membrane as a whole. In order
to avoid large rotations of the plane of the membrane, the functions F*°(t,y) and P*° (¢, x) must comply
with the conditions that there is no total moment of the forces about the axes lying in the plane of
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the undeformed membrane. In particular, the identities F3(t) = F{ (¢), P3 (f) = P(¢) must be satisfied
in the case of the zeroth harmonics (the mean values). Furthermore, in order to avoid significant
displacements as a consequence of the control, the boundary forces must be constrained by the
requirement that the total value is equal to zero for all£, 0 <t < ¢,

We will now discuss the initial conditions (1.3) and the final conditions (1.4). If, at a certain instant
of time ¢ = ¢*, the distributions of the displacements z(t*, x, y) = u* = const and the velocities z(t*, x,
y) = v* = const turn out to be homogeneous then, on putting F = P = 0 in (1.2) for ¢ > t*, we obtain,
according to (1.1), the expressions z(t, x,y) = u* + v*(t —t*), 2(t*,x,y) = v*. This is a state of uniform
motion of the membrane without relative vibrations, which may be of practical interest.

The following formulations of the problem of controlling the transverse motion of a membrane can
therefore be of practical importance.

1. Suppression of the relative (elastic) displacements of a membrane in the case of arbitrary initial
distributions ¥°(x, y), v°(x,y) (1.3) from a sufficiently high class of smoothness. The state of translational
motion of the membrane as a whole in the direction of the z-axis, that is, the values of u*, v* can be
(a) substantial and specified in advance, (b) insubstantial and determined while solving the main problem
of the suppression of transverse vibrations.

2. Bringing a membrane from the initial undeformed state (u°, v° are constants) into a state of
specified uniform motion #/(x, y) = const, v/(x, y) = const (see above). This formulation of the control
problem can be considered as a special case of the preceding 1(a), when there are no initial relative
displacements, or as a supplement to 1(b) (see Section 4).

3. The excitation or (and) suppression of certain selected modes of natural vibration of a membrane
with or without taking account of the state of its motion as a whole (see below).

Other particular formulations of the problem of controlling the transverse displacements of a
membrane which are of practical interest are also possible within the framework of conditions (1.3)
and (1.4). We note that bringing a membrane from an arbitrary initial state u°(x, y), v°(x,y) (1.3) to a
required final state #(x,y) V(x,y) (1.4) in a restricted time by means of controls concentrated on the
boundary in accordance with (1.2) leads to considerable difficulties associated with the controllability
and solvability of the finite-dimensional problem of moments [5-9] (see below). It is therefore customary
to drop the requirement that the final conditions (1.4) must be strictly satisfied and to take account of
them by means of the “penalty method”. Methods based on the analytic construction of controllers
[10], a finite mode approach, and other methods are also used. A constructive method for solving problem
(1.1)—(1.5) is proposed based on the separation of the modes when the time # is asymptotically long
compared with the period of the natural vibrations of the lowest mode. Such a situation often arises
in practical problems.

2. SOLUTION OF THE BOUNDARY-VALUE PROBLEM
FOR KNOWN CONTROLS

In problem (1.1)-(1.5) it is more convenient to change to the dimensionless variables tiXoYeZs and
parameters by introducing the unit of time 8 and the unit of length d. Putting 6 = d(p/c) ", we obtain
an equation of state of the form of (1.1) in which p = ¢ = 1. Here, the value of d can be put equal to
a or b and the corresponding variable x, or y, varies within the interval [0, 1]. If one carries out a
symmetric normalization on the unit of length d .= aa + pb, o + B > 0, then aa, + b« = 1; when
d = (@ + b»)'2, we have a2 + b% = 1 and if one puts d = (ab)"?, we have a,b, = 1 and so on.

We now introduce the dimensionless arguments t., x., y,, functions z,, F., P,, u/, v/ and para-
meters,, a,, b,, czp., c%. and omit the asterisk for brevity. We will now solve the initial-boundary-value
problem (1.1)~(1.3) under the assumption that the functions F* (¢, y), P"%(t, x) are already known.

We shall firstly consider the corresponding eigenvalue and eigenfunction problem which is obtained
by using the standard procedure for the separation of variables and the Fourier method [1, 2]. We have

ZH+Z5+¥Z=0, 2(6x,y) ~ T(OZ(x,)
Z,(0.9)= Z,(@,y) = Z;(x,0) = Z(x,) =0 @1

For the complete orthonormalized system of eigenfunctions {Z,,,(x,y)} and the system of eigenvalues
{Ann}, we find the expressions

2y (%,Y) =X, ()Y, (¥), Ay, =(Vr21 +p'r2n)%
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X,(x)=(a/2) # cosv,x, Xo(x)=a B, v, =nn/a, n=1 (22)
Y, () =(b/2) % cosp,y, Yo(y)=b"%, p, =nmibm=1

Here {X,}, {v,} and {Y,,}, {li,n} are the analogous (complete, orthonormalized) systems for the one-
dimensional problems in the intervals x € [0, a] and y € [0, b), respectively.

The solution of the boundary-value problem (1.1), (1.2) is constructed using the Fourier method [1,
2] and Grinberg’s method [6, 11]. We represent the required function 2(t, x, y) in the form of a double
series

z(t,x,y) = 20 Ty () Zy(x,y) (2.3)

k,I=

in which the functions Z(x, y) are constructed according to (2.2) and the Fourier coefficients T,(t) are
unknown and have to be determined. On substituting series (2.3) into the left-hand side of Eq. (1.1),
multiplying by Z,,,(x, y)dxdy and integrating by parts (over the domain IT), we obtain, when account is
taken of the boundary conditions, a two-dimensional denumerable system of equations of the form

Tom + Ko Tom = 0, (1), ©,,(0) = (&, Fu (1)) + (M., P, (1))
&, =087, &) =X,(0), =X (a), n=0 (2.4)
N =M mh), M, =Y, 0), 8, =Y,(b), m=>0

In Eq. (2.4) for T, the expressions of the type (&,, F,,) are scalar products of the corresponding
two-dimensional arithmetic vectors which are defined below and in (1.5) and (2.4). The functions F(f),
P, (¢) are the Fourier coefficients of the boundary controls, that is

Ft.y)= ¥ F,(OY, (), F,()=(F,Y,) (25)

m=0
P, x)= 3 P, (OX,(x), F()=(P,X,)
n=0

Henceforth, the corresponding scalar products in L, are denoted by angle brackets.
Equations (2.4) must be supplemented with the initial values of the functions Toms Ty Using the
initial conditions (1.3), we obtain the expressions

Ton = Upn = (0%, 2, ), T =V =(v°.2,,) (2.6)

for the required T,,,(0) = T2, T, (0) = 7°,..

Here U, V2, are the Fourier components of the known, sufficiently smooth functions with respect
to the orthonormalized system {Z,,,,}. A strong or classical solution of the initial-boundary-value problem
(1.1)~(1.3) can therefore be constructed for known functions Fi (¢,¥), P(t, x) of a sufficiently high order
of smoothness. It has the form of the double series (2.3) in which the functions Toum, T,y are found by
the quadratures

[ !
v ! [sink,,,(t-1)®,, (t)dt, n+m=1

Ln()=U,, cosh, t+—2%sin )k, t+
}"nm nm 0
3 0 t r d7:|m
Too (1) = Ugp + Vet + [ (1 = 1)0e (DT, T, = —" 2.7)
0

The coefficients T,,,(f), n + m = 1 characterize the relative displacements of the elements of the
membrane (the transverse vibrations). The function To(t) describes the motion of the membrane as a
whole along the z-axis. If the total force ®(t) = 0, then the centre of mass of the membrane moves
uniformly with an initial velocity V'§Zy,. However, the functions 8,,,(t) in (2.7) are unknown and are
to be determined on the basis of the final conditions (1.4), taking account of the control performance
criterion (1.5).

We shall now discuss the frequency properties of the finite-dimensional vibrational system (2.4). It
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can be shown that the two-dimensional spectrum {A,,,} forms a dense set in the following sense. By
choosing sufficiently large integers of n > 1 for some m < M, it is possible to achieve any closeness of
Aun to an arbitrary number A,,,., where the number m* < M is fixed and as large a set of values A,
as may be desired is contained in the neighbourhood of .., which is as small as may be desired. The
analogous assertion holds in the case of sufficiently large m for n, n* < N. Moreover, there is a
denumerable set of identical values of A,,,, and A, in the case of a rational ratio a/b. In particular, when
a= b)(a square membrane), the frequencies will be identical (apart from the inversion n — m,
m-—n

Dr=5m=5; n=7m=1, 2)7,4,8,1;

3)7,6;9,2; 49,7 11, 3; 5)9,8;12, 1;
6)10,5; 11, 2; D 10, 10; 14, 2; 8) 11,713, I;
9) 11, 8; 13, 4; 10) 11, 10; 14, 5; 11) 12, 11; 16, 3;
12) 13, 6; 14, 3; 13) 13,9; 15, 5; 14)13,11; 17, 1;
15) 13, 13; 17, 7; 16) 14, 8; 16, 2; 17) 14, 12; 18, 4;
18) 14, 13; 19, 2; 19) 15, 10; 17, 6; 18, 1; 20) 16, 7; 17, 4;
21) 16, 11; 19, 4; 22) 16, 13; 19, 8; 20, 5; 23) 16, 15; 20, 9;
24) 17, 6; 18, 1; 25)17,9; 19, 3; 26) 17, 11; 19, 7,
27) 19, 8; 20, 5; ... and 5o on

When a > b or b > a, the frequencies A,,,(a, b) are also close for n, m ~ 1. The above-mentioned
behaviour of the frequency spectrum {A,,,(a, b)} of system (2.4) makes the effective solution of the
control problem [5-9, 12] and the construction of the control laws 5, 6, 10, 13] far more difficult. These
difficulties result from the fact that there are no controls distributed over the surface of the membrane,
that is, the coefficients 0,,,(¢) in (2.4) do not form a “complete basis”.

3. APPROXIMATE SOLUTION OF THE OPTIMAL CONTROL PROBLEM

We will reformulate the initial problem (1.1)~(1.5) in terms of the Fourier coefficients T},,,(¢) of the
function z(¢, x, y). The transverse motions of the membrane are described by the system of equations
(2.4), (2.5) in which F,2 %(¢), PY®(¢) are unknown control functions which are to be determined; the
initial conditions have the form of (2.6). The controls must be selected from a permissible class of
smoothness such that the final conditions are satisfied at the instant of time ¢ = # (1.4)

Tmn (tf) = Ur{m = (uf ’ an >’ T;xm(tf) = anm = (Df’znm> (31)

The Fourier coefficients Tyn(t), Vin(t) = Tom(?) are calculated according to (2.7). Moreover, the
functions 7,,(z), P,(¢) must be bounded in accordance with the optimality condition (1.5) which takes
the form (see (2.5))

iy
IF,P=+ | [cﬁ TR+ Y P,?(t)}dt — min (3-2)
25 =0 k=0 {Fn) By}

We now apply an analogue of the maximum principle conditions [6, 7] to the finite-dimensional
problem of the optimal control (2.4), (2.6), (3.1) and (3.2). We introduce the finite-dimensional vectors
®D,,,.(t), ¥.m(t) associated with the variables T,,,,, V,,, respectively and, using the standard procedure,
obtain the expressions for the optimal controls F,,, P,

F,(t)=cf kzogk\*‘km (), B(H)=c; 'Zont‘ynl(‘) (3.3)

¥, ,.(t)=A,,sinA, t+ B, cosh, t, n+m=1
Woo (1) = Agot + By, A, B,

nm? ~nm = conSt

The coefficients A,,,, By, must satisfy the denumerable system of linear algebraic equations which
follow in an elementary manner from (3.1) after substituting the functions F,,* ¢ (¢), P,*° (¢) (3.3) in
formulae (2.7) taking account of expression (2.4) for ©,,,(t) (n, m = 0), and take the form
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T (EsimAim + EsinBin )+ T (Al + BuMyin ) =
k=0 120

= Uy = US, coshynt s ~ (Vi { My )Sin Ayt (3.4)

am nm nm

o (24 cs ce \ _

Z ( nkmAkm + nkmBknl) + Z(Anlnnlm + Bnlnnlm) -
k=0 120

= anm + Ul(x)m)"nm sin Xnmtf - Vnrm cos )"nmt_j' L nm= 0
Coefficients with triple subscripts of the type of &5y, - - - , N%um (3.4) are obtained by integrating
elementary expressions containing products of trigonometric functions or of a trigonometric function
and a linear function. For the extreme coefficients, we have

fb'
ki = f" B fsin Ay, (8, —D)sin Ay, tdt, nk=0 (3.5)
(Fknm 0
N 4
Noim = —2 cos A, (t; ~t)coshtdt, m1=0
€p o
The intermediate coefficients &), . . . , N5, (3.4) have a similar form. There is no need to write out

the exceedingly long explicit expressions for the quadratures (3.5) and others. Equations (3.4) and the
coefficients (3.5), when n = m = 0, are obtained by taking the limit as Ag, — O.

It is not possible to construct the exact solution of system (3.4). However, analysis of the coefficients
(3.5) shows that their asymptotic behaviour with respect to the value of t;, t; — o is different and that
the diagonal (“resonance™) terms are the leading terms. This enables us to construct an approximate
solution and to estimate the error with respect to the small quantity 1/t — 0 [13]. This approach is
equivalent to the use of asymptotic methods of the separation of variables which are analogous to the
method of averaging [14].

The relations presented above are extremely complex and inconvenient for analysis. It is preferable
to use equations in osculating variables [14, 15] which are obtained by means of the standard substitution

T = Crm COS At + Sy sinht, Tog = Ty (3.6)
tzm = Vnm = aTmn /at’ VOO = VOO’ n+m=1

Next, by virtue of Eqs (2.4), on differentiating expressions (3.6) we obtain equations of motion
in the variables Tqg, Voo, Coum, Sum» # + m = 1. The initial conditions (2.6) and final conditions (3.1)
are reduced to the required form and, as a result, we have the finite-dimensional two-point problem

Too = Voo» Voo =0 Teo(0)=USy, Vi (0)= Vg
Cllm = —7“_nlmenm Sin )"nmt’ Snm = A'7!""6‘)'1"1 cos )“nmt’ Cnm(o) = Ul(l)m’ Snm (0) = )“—nlmvn% (3'7)

Too(ty) = Udys Voolt)=Vihs Con(t;)=Cl, = UL cosh, it —

Ko Vi S At , S, ()= 80 S UL sin Aty + Ko Vil cOSA ity ntm=1
It follows from (3.7) that, when @,,,,(f) = 0, the variables C,,,,,, S,,,, = const. The control problem involves
the choice of permissible controls F,,,, P, which satisfy the final conditions (3.7) and lead to a minimum
of the functional (3.2). Equations (3.7) are much more convenient since the adjoint variables ®,,,,, ¥,
corresponding to Chy,, S, Will be constant (analogous to the coefficients A,,,, By, in @py(t), Yom(t) (3.3)).
Using the standard maximum principle procedure enables us to obtain the structure of the expressions
for the optimal controls as functions of time

| I
Fm(t) =7 Z ikAkln(t)' Pn(t) =3 anAkl(t) (3‘8)
CF k=0 Cp =0

i 1
Gmn(t) =5 (gn’gk )Akm "+ 7 Z Anl(t)(nl’nm)
Cr k=0 Cp 120
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All"l (t) = k‘;li" (\lllll" cos )"Ill’lr - ¢Ilm Sin )"nmt)

Ago(1)=¥gy - Dot; Do, ¥, D, Y, = const

The coefficients ®,,,,, ¥,,, occurring in the functions 0, (3.8), remain to be determined. On
substituting these functions into Eqs (3.7) and integrating with respect to £, while taking account of the
initial conditions, we obtain the representations for the required variables

Voo (1) = Vo + Lo (oot — S ®oot? )+ AVeg (1), L3y = 28R + 72
Too (1) = Uy + Vot + Y553 (¥&r® - Koot )+ ATy (1) (3.9

Snm (1= ;‘Zlmvrgn + % Crzzmx:n%n\ynmt + Asnm @), n+m=1

The leading (“resonance”) terms are singled out in expressions (3.9) and the relatively small

corrections are denoted by the symbol A. We will now determine the unknown coefficients Doy ¥

proceeding from the approximate expressions (3.9) in which the corrections are set equal to zero [ 13].

By solving the equations corresponding to the final conditions (3.7), we find the above-mentioned
approximate values of the required coefficients

D) = 6003t (28T - 8Vpy), WV = 2853t7 (3t5'8Ty — 8Vyg) (3.10)
D = 20t N8, W) = 2020702, 85,
8T = Uo = Uy = Vgt 8V = Voh =V, 8Cy = Cly, ~ US,3S,,, = 5L, ~ AV,

We now introduce a small parameter € = ¢, < 1; € — 0 as ty — oo, where tris the time of the process
measured in units of 8 (see the beginning off Section 2). We sl{all assume the value of @y, to be small;
for example, @y, ~ & when 0 < ¢ <t,. It suffices to use the estimates <I>((}3 ~ € ‘ngl) ~ g for this purpose,
which necessarily hold if §7og ~ €7, Vg9 ~ 1 (see (3.10)). Hence, the sum (resultant) of the boundary
forces F%4(¢, y), P"b(t, x) is assumed to be asymptotically small O(€). However, over a longltime interval
t~ €™, the state of motion of the membrane as a whole can vary substantially: §Toy ~ €~ with respect
to position and 8V ~ 1 with respect to velocity. Similarly, we require that the controls ®,,,, n + m =
1 should also be small with respect to the parameter &, that is, ©,,, ~ €. It follows from (3.10) that this
requirement is satisfied if &), ~ ¢, ) ~eor 8Cpm, 88 ~ 1. The mechanical meaning of this assump-
tion is that, by acting (“in resonance”) on the edge of the membrane with a force ®,,, ~ € for a long
time, it is possible to change (by an amount O(1)) the amplitude of the transverse vibrations of an
arbitrary mode T,,,,, n + m = 1, considerably.

Using the approximate values (3.10) of the adjoint variables, we obtain, by (3.8), by controls F,,, P,,
0,,,, in explicit form

y 1 1
F () == TEAD(1), P10 == TAD (),
CF k=0 Cp 1=0

1 1
8= T &, E)AL N+ T AN, M) (3.11)
CF k=0 Cp i=0
Noo (1) =g = @1, AL, (1) = Aoy, (W3 cOS At~ DU sin A, 1)

Expressions (3.11) and (3.10) therefore determine the optimal control of the first approximation with
respect to the small parameter €. Indeed, let us substitute the known controls (3.11) into (3.7) and
integrate with the specified initial conditions. We obtain explicit representations for the coefficients
Toos Voo, Cums Sam» 8 + m = 1 of the form (3.9) where the constants are defined by (3.10) and
the corrections, which are relatively small (with respect to the powers of €), can be estimated.
The possibility of constructing such estimates is closely associated with the convergence of the series,
which is determined by the rate of decrease in d>(,},),,, g (3.10), that is, by the classes of smoothness
of the functions u%/(x, y), v*(x, y)-
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It follows from (3.11) that the series for F{}), P @'Y, and, also, the series of (2.5) for FO@, y),
PO(t, x) converges absolutely and uniformly prov1ded that A(l) ~ (nm) ¥V which, according to (3.10),
is equivalent to the conditions 8C,,, 8S,, ~ (nm) ?*", where y > 0. The conditions are equivalent to
the requirements on the Fourier coefficients that UO,,,{,, Vo8IAE, ~ (nm)™?*Y. We note that estimates
of the form c(nm)"? < A,,,, < C(n + m) hold for A,,,,. We shall next assume that the above-mentioned
sufficient conditions for convergence are satisfied. The approximate control functions will then be the
classical (rather than generalized) functions which can be readily implemented in practice.

We will now estimate the errors in satisfying the final conditions resulting from the quantities A in
(3.9). It is shown by direct integration of the series for @y (without taking account of the leading term)
that AVy(tp), ~ €, ATp(ty) ~ 1. We note that, with respect to To(#p), it is also possible to achieve an error
O(g). Since 8V ~ 1, 8T00 ~ ¢! the relative errors are estlmated as O(g) [13]. It is then necessary to
allow for two facts when estlmatmg the errors AC,,(tp), ASum(ty)- The first is the fact that integration
of terms of the type  sin A,,,t, t cos A, within the limits from ¢ = 0 and ¢ = #rleads to quantltles of
the order of ¢;. Taking account of the factor O(e?), these terms in the above—mentloned series when n
=0orm= Of (n + m = 1) will be quantities of the order of O(g). The second difficulty lies in taking
account of the “small denominators” which arise during the integration of terms of the form sin Ayt
sin At sin A sin A,,,¢ and similar terms in which there are cosines (see (3.7), (3.8)). The summation
is carried out over the indices k and [ and, moreover, k # n, [ # m. The small denominators will be
estimated in the following manner

'lkm =X l=(n/a)lk - nl(k + ) (A = My Y lk~nl=1
Ay = Apl= (0 7 Y = ml(L+ m)Ay + A0l -ml= 1

Under the assumptions which have been made regarding the rate of decrease in the coefficients 8C,,,,,
3S,m, it can be shown using the integral criterion of the convergence of the series (with respect to k
and /) that

() ~ &(nm)2, AS,, (t,) ~ €(nm)™ (3.12)

The occurrence of small denominators does not enable us to increase the order of smallness of the
errors with respect to n, m when the rate of decrease in 8C,,m, 8S,.,, increases, that is, the class of
smoothness of the initial and final distributions u®(x, y), v%(x, y). It follows from the estimates (3.12)
that there is e-closeness of the solution with respect to a uniform metric and with respect to the L,
metric of its derivative

() f () f
max ey X, y)— R < Cg, U2V, x, v/ (x, YIl, <Ce
(x, Vel Z (f X y)-ul(x )’)I 2ty x y) (x, y) L

Here, z\V(¢, ,y) is the solution of the boundary-value problem for the known control functions F{(z,
¥), P(l)(t x) of the first approximation with respect to &.

A solution of the control problem with a relative error & with respect to the metric W3 in the
class of permissible functions has therefore been constructed. The closeness of the control to the
optimal control, that is, with respect to the functlonal (3.2), requires a spec1al study. It would be expected
that the relative error will be an amount O(e?) and the absolute error O(¢°) since the adjoint varlables
are asymptotically small, that is, D@yns Yo = O(e) and the error in determining them is O(&?). Since
the first variation of the functional in the neighbourhood of the optimal value is equal to zero, the
correction resultmg from the error O(e?) will be a quantity of the second order of magnitude, that
is, AI ~ O(e* )y = o).

Expressions (3.11) and (3.10) therefore determine the open-loop control in the first approximation
with respect to €. The transition from arbitrary initial distributions u’(x, ), v’(x, y) to the current
distributions z(¢, x, y), Z(t, x, y) at any instant of time # is a formal method for constructing a
feed-back control. For this purpose, we put t = 0 (or, more accurately, ¢ — ¢ — ¢ty and then ¢y — ¢,
that is,  — 0) in (3.11); the coefficients ®2, n, m = 0 vanish and only ¥, remain. We put > t—t
(or, more accurately, & — # —t and then £y — ¢, that is, t — t; - t) for W1 "and the Fourier coefficients

¥ . of the initial distribution v(x, y) are replaced by the coefficients V,,,, of the current velocity
distribution z(t, x,y) = ZVi(£)Zu(x, y). They can be calculated by processing measurements of z(t, x, y)
at the current instant of time ¢ < ¢, Note that the controls F,, and P, possess a singularity of the



Control of the motions of a membrane by means of boundary forces 709

- ) typeast— ;. It is therefore preferable to use other feed-back laws [15] in a small neighbourhood
of the terminal manifold #/(x, y), v/t x,y).

4. EXAMPLES

We will now consider some special cases of the initial distribution (1.3) and final distribution (1.4) which are

grcqpentlly encountered in applications. The corresponding formulations of the control problems are presented in
ection 1.

1. We will obtain the solution for the suppression of the transverse vibrations of a membrane using forces of the
form of (3.11) in which we substitute the quantities cl,=0,8, =0, that is, 8Cpy =~ UL, 88 = ALV,
for the parameters ®(), ¥, (3.10), n + m = 1. I the conditions of the motion of the membrane as a whole (of
the centre of mass) are specified in advance, the parameters CIJ(&{, ‘ngl) have the form (3.10) when Uy, Vf, are
fixed. This is case (a). When > ; the controls F(t,y), PY)(, x) are set equal to zero. In case (b), when the conditions
of motion of the centre of mass for £ = ;are unimportant, the controls have the form of (3.11) with the parameters
<I>(53 = (I)gg) = 0, that is, A((}g(t) = 0. The total or integral values of the forces F{(;, ¥)s P, x) will be equal to
zero. As above, FU = PV = fort > t (finite control [5]).

2. Approximate control of the motion of the centre of mass of a membrane 4° = const, v° = const W, =
VS, = 0,n + m = 1) is exercised by means of forces (3.11) in which A{)() = 0, n + m = 1, that is, FXr) =
P t) = 0. The functions F ((1))= c'}&oA((}g, PV = c‘,z,noA(&g in which the coefficients (I)(&% = ‘P(’(%) are defined by
(3.10), are non-zero when 0 < ¢ < #. This formulation of the problem is a special case of that treated above (see
1a) when US, = V5, = 0,n + m = 1. It may also be considered as being supplementary to 1(b) since, after
suppression of the vibrations of the membrane, it is brought into a state of specified motion without exciting these
vibrations (to the accuracy being considered).

3. Excitation of certain selected modes from the subset of indices (n, m) € {N* x M*} of the natural vibrations
of the membrane (or their suppression) with and without allowing for the motion of the centre of mass is performed
in the following marner using control forces based on expressions (3.10). The Fourier coefficients UL, Vi, n +
m = 1 of the final distributions 1/(x, Y, V(% ¥) for 8C,ym, 88, (3.7) must be assumed to be the required values,
while the adg'oint variables &1, W (n, m) € {N* x M*} are calculated from (3.10) and substituted into the
functions A%, (¢) (3.11). The remaining modes of vibration T,,,(?), (1, m) € {Nx MN{N* x M*} which are of no
interest, remain unchanged if one assumes that ®%), = ¥ = 0, that is, AL(#) = 0 in the case of the above-
mentioned indices. If it is required that certain selected modes from the subset of indices {N* x M*} should be
excited while others from the subset {N** x M**} (all the remaining modes, for example) are suppressed then
this problem reduces to the preceding problem UZ,, = V4, = 0 for the subset {N** x M**}). Motion of the centre
of mass of the membrane is regulated by the choice of the coefficients ®{) = ¥,

The approximate control laws, constructed in Section 3, therefore enable one to solve in a simple manner the
complex problem of the open-loop control of arbitrary modes of the transverse vibrations of a membrane by means
of forces distributed along its boundary. Of course, under practical conditions, control of a relatively small number
of the lowest vibrational modes can only be performed since generating the high-frequency forces encounters
considerable difficulties due to the occurrence of interference.

Note that the problem of controlling the transverse motions of a membrane with arbitrary geometric and physical
characteristics (non-rectangular form, inhomogeneous density, non-uniform tension, etc.) can be constructively
solved in a similar manner using the approach described in Section 3 [13].
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